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Abst ract - - In  this paper, an updated table of maximum minimum distances for rate 1/p binary 
quasi-cyclic (QC) codes is presented. Many of the new codes given attain the bounds in the table 
by Brouwer and Verhoeff and the expanded table maintained by Brouwer, and fourteen of these 
codes improve the bounds. The generator polynomials of the new QC codes which provide table 
improvements are given. These codes were found using integer linear programming and a heuristic 
combinatorial optimization algorithm. 
Keywords- -Quas i -cyc l i c  codes, Bounds on binary linear codes. 
1. INTRODUCTION 
Quasi-cycl ic (QC) codes are a general ization of cyclic codes whereby a cyclic shift of a codeword 
by p posit ions results in another codeword. This class of codes is known to contain many good 
b inary  l inear codes [1-4]. Here, a good code is defined as one which has the max imum known 
min imum distance for a given n and k; i.e., it at ta ins or exceeds the known lower bound on the 
min imum distance. A best code is defined as one which achieves the max imum possible min imum 
distance for a given class of l inear codes. An opt imal  code is one which achieves the max imum 
possible min imum distance for a l inear code. 
Many QC codes can be characterized in terms of m x m circulant matrices, so that  the block- 
length is a mult iple of m, n = mp.  In this case, the code has rate l i p  and an m × mp generator 
matr ix  of the form 
G = [c0, c1, c2, c3,..., Cp_l], (1) 
where Ci is an m x m binary circulant matr ix  defined as 
CO 
Cm-1 
C ~ Cm-2 
c1 
el C2 • . .  am_ 1 
CO el " • " Cm- 2 
Cm - 1 CO • • • Cm - -  3 
: : 
C2 C3 •..  C 0 
(2) 
The algebra of circulant m x m matr ices over GF(2)  is isomorphic to the algebra of polynomials  in 
the r ing f [x ] /xm-1  i fC  is mapped onto the polynomial,  c(x)  = co+c lx+c2x2+ .. .+c ,~_ lx  m-1  [5]. 
The polynomial  representat ion is used here for convenience. 
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The algorithm used to find good codes is based on the approach in [2] which employs integer 
linear programming and heuristic ombinatorial optimization techniques. Nonexhanstive methods 
are used where an exhaustive search via linear programming is intractable. Although the resulting 
codes are not guaranteed to be the best possible, codes which meet or exceed the lower bounds on 
the minimum distance can still be obtained. Those which attain the upper bound are necessarily 
optimal. The above structure of the QC codes was exploited to accelerate the search. 
The first table of maximum minimum distances for rate l i p  binary QC codes was given in [2]. 
Since that time, many new codes have been found which improve this table. The updated 
maximum minimum distances are compiled in Table 1. A superscript o denotes a best possible 
QC code. This was determined either by integer linear programming, or meeting a known upper 
bound. The fourteen ew codes which improve the bounds in [6,7] on the maximum minimum 
distance of binary linear codes are listed in Table 2. The minimum distances from [6,7] are given 
for comparison, and are denoted as dbr. The generator polynomials, ci(x), are given in octal, 
with the least significant coefficient on the left; i.e., 365s corresponds to x 7 + x 5 + x 3 + x 2 + x + 1. 
As an example, consider the (225,9) code with drain = 110 with generator polynomials listed in 
Table 2. The generator matrix for this code is given in Table 3. The weight distribution is as 
follows. 
Weight Count 
0 1 
110 324 
112 117 
126 60 
128 9 
144 1 
Numerous agreements with the bounds in [6,7] were also found. These results provide further 
evidence that the class of QC codes will yield many more good codes. 
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Tab le  1. Max imum min imum d is tances  for (pro,  rn) quas i  cyc l ic  codes .  
P 
3 4 5 6 7 8 9 i0  i i  12 13 
3 4 =o 6 =o 8 =o 10 =°  12 =°d12 13 =o 15 =o 16 =o 18 =°  20 =o 22 =o 
4 6 =0 8 =0 10 =o 12 =°d4 14 =0 16 =o44 18 =0 20 =0 22 ° 24 =°d4 26 ° 
5 7 =0 9 =0 12 =°d4 15 =o 16 =0 20 =0 22 =o 24 =°d4 27 ° 30 =0 32 =0 
6 8 =°d4 10 =°  14 =o 16 =o 20 =°d4 24 =°4s 26 =o 29 -0  32 =°d4 34 -0  38 =0 
7 8 =°1 12 =°1d4 16 =°1 19 =°1 22 - °1  26 =°1 31 =°1 33 =°1 36 =°1 40 =°1 44 =°1 
8 8 =°1 12 - °1  16 =°1 20 °1 24 =°1 28 - °1  32 =° Id4  37 =°1 40 - °1  46 =°1 48 =°1 
9 10 =°  14 =o 18 =o 23 =0 28 =o 32 =°d4 36 =0 40 = 46 e° 50 e 55 e 
I0  i0  - °  16 =0 20 =0 24 ° 30-  34 = 40 =d4 44 = 49 e 54 60 = 
11 11 - °  16 =o 21-0  28 =°d4 32 = 39 = 43 e 48 = 53-  59 e 64 = 
12 12 =0 17 =0 24 =0 28 =d4 34 = 40 = 46 e 52 =44 56-  62 68 = 
13 12 =0 19 =0 25 = 30 36 = 43-  48 = 54 60 66 72 
14 13 =0 20 =0 26 = 32 = 38 44 50 57 6444 70 76 
15 14 =0 20 26 34 40 48 = 54 60 68 74 80 
16 14 ° 21 28 36 =44 42 50 57 = 64 = 72 8044 86 
17 16 =0 23 29 36 = 44 52--- 60 = 66 74 82 90 
18 16 =0 24 =2 30-  38 46 54 62 = 70 78 86 94 
19 16 = 24 = 32 =2 40 -2  48 56-  64 72 80 88 96 
20 16 = 24 =2 32 -2  412 50 58 68 
21 18 =2 26 =2 34 =2 432 52 60 70 80 = 88 98 108 
22 18 = 28 =2 36 =2 44 54 64 = 68 79 88 98 108 
23 18 28 -2  
24 18 27-  36 47 57 68 78 93 e 
25 19-  28 = 38 
26 20 = 30 = 40 50 = 
Notes :  n ° 
,n. = 
n -  
n e 
n 1 
n 2 
ndz 
a best  QC code.  
equa ls  the  best  min imum d is tance  in [7]. 
one  less than  the  best  min imum d is tance  in [7]. 
p rov ides  the  best  min imum d is tance  in [7]. 
const ructed  by  van  T i lborg  [8]. 
const ructed  by  Zhi  [9], 
the  code  ex is ts  w i th  we ights  d iv is ib le  by  z. 
( cont inued on  next  page)  
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Table 1. (continued) 
m 
P 
14 15 16 17 18 19 20 21 22 23 24 25 
3 24 =°d24 
4 28 °d4 
5 35 =0 
6 40 -0 
7 48 =°1 
8 54 =°1 
9 59 = 
10 64 = 
11 69 e 
12 74 = 
13 78 
14 84 
15 88 
16 94 
17 98 
18 102 
19 104 
20 
21 118 
22 118 
23 
24 
25 
26 
25=0 27 =0 28=o 30 =0 
32=od32 33 =o 36=od4 38 =o 
37-0  40 =0 42-0  45-0  
44=0 48 =0 50ffio 53-0  
52=ol 56=ol 59=ol 63=0 
57=ol  64=od84 66=0 70 =0 
64 =0 68 • 72 = 77 e 
68 = 74 e 80eds 84 = 
75 e 80 = 84 90-  
80 d4 86 92 d4 96 d4 
84 92 98 104 
89 96 102 108 
94 102 108 116 
103 113 118 125 
105 
116 124 132 140 
127 
127 139 
32=0 34=0 36 =0 37=0 39 =0 40=0 42 =0 
40 =0 42=0 44=o 46=o 48 =0 50=0 52 =o 
48 =0 50=o 52-0  56=0 58 =o 60-0  64=o 
56 =°  60 =0 63 -0  65 =°  68 =°  72 =°  74-  
64 =0 68=o 72=o 76=0 80 =0 83=0 87ffio 
74 eo 78=0 81 ffi 86 =0 90 =0 96=0 98 =0 
81 e 87 • 92 eo 96 =0 lOOeOa4 104 = 110 eo 
94 e 98 = 104 = 109 114 = 118 
96 = 116 
Notes: n ° 
n = 
n -  
n e 
n 1 
w, 2 
ndz 
a best QC code. 
equals the best minimum distance in [7]. 
one less than the best min imum distance in [7]. 
provides the best minimum distance in [7]. 
constructed by van Tilborg [8]. 
constructed by Zhi [9]. 
the code exists with weights divisible by z. 
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